Abstract. For an isometric action of a finitely generated group on the ultralimit of a sequence of global Busemann nonpositive curvature spaces, we state a sufficient condition for the existence of a fixed point of the action in terms of the energy of equivariant maps from the group into the space. Furthermore, we show that this energy condition holds for every isometric action of a finitely generated group on any global Busemann nonpositive curvature space in a family which is stable under ultralimit, whenever each of these actions has a fixed point.
Introduction
One of the purposes of this paper is to generalize results in [6] and [7] for Hadamard spaces to global Busemann nonpositive curvature spaces: For a family of global Busemann nonpositive curvature spaces which is stable under ultralimit, we investigate whether any isometric action of a finitely generated group on any space in the family has a fixed point, in terms of the energy of equivariant maps from the group into spaces in the family.
Let Γ be a finitely generated group and ρ a homomorphism from Γ into the full isometry group of a global Busemann nonpositive curvature space (Definition 4.1). The homomorphism ρ can be regarded as an isometric action on the space. For the homomorphism ρ, we define a generalized nonnegative energy functional E (Definition 3.1) on the space of the ρ-equivariant maps from Γ into the space. The energy functional vanishes at a ρ-equivariant map if and only if the image of the map is a fixed point of ρ(Γ).
In [7] , the gradient flow of the energy of equivariant maps into Hadamard spaces is used to investigate the existence of a fixed point. The gradient flow was introduced by Jost in [9] and Mayer in [11] . It generates a strongly continuous semigroup of Lipschitz-continuous mappings and decreases the energy in the most efficient way.
Although it seems that it is difficult to generalize Jost-Mayer's gradient flow to global Busemann nonpositive curvature spaces, we can consider the absolute gradient |∇ − E|(f ) of the energy functional E at each ρ-equivariant map f (Definition 5.1). The absolute gradient gives the maximum descent of the energy functional around each map with respect to a natural distance on the space of ρ-equivariant maps. The absolute gradient |∇ − E|(f ) can be regarded as the norm of the gradient of E at f . If the absolute gradient vanishes at a ρ-equivariant map, then the map minimizes the energy functional. We can always find a sequence of ρ-equivariant maps such that the absolute gradient approaches 0 (Lemma 5.4).
For a nonprincipal ultrafilter on N (Definition 2.1), the ultralimit of a sequence of global Busemann nonpositive curvature spaces with base points is always defined (Definition 2.2). The ultralimit is also defined for a sequence of homomorphisms from Γ into the full isometry groups of the spaces, equivariant maps, and energies under a certain condition.
Theorem 1. Let ρ be a homomorphism from Γ into the full isometry group of a global Busemann nonpositive curvature space (N, d).
Denote by E the energy functional on the space of ρ-equivariant maps. Take a sequence of ρ-equivariant maps f n such that the absolute gradient of E approaches 0. If there exists a positive constant C such that
holds for every n, then, for any nonprincipal ultrafilter on N, there exists a fixed point of the ultralimit of the sequence of homomorphisms ρ n ≡ ρ in the ultralimit of the sequence of spaces (N n , d n ) ≡ (N, d) with base points f n (e). Here e denotes the identity element of Γ.
In the case of a Hadamard space, in [7] , they prove that if the assumptions in Theorem 1 hold, then there exists a fixed point of the image of the original homomorphism ρ in the original space. Let L be a family of global Busemann nonpositive curvature spaces which is stable under ultralimit (Definition 2.3).
Theorem 2. Suppose that, for any (N, d) ∈ L and homomorphism ρ from Γ into the full isometry group of (N, d), there exists a fixed point of ρ(Γ). Then there exists a positive constant C such that
Examples of a family of global Busemann nonpositive curvature spaces which is stable under ultralimit are given in Section 6. In [6] , they prove Theorem 2 in the case of a family of Hadamard spaces which is stable under ultralimit. It is well known that if L is the family of all Hilbert spaces, then the so-called Kazhdan's property (T ) is equivalent to the existence of a constant in Theorem 2. Hence the maximum of the constant C(Γ, L) in Theorem 2 can be regarded as a generalization of the Kazhdan constant of Γ.
Another purpose of this paper is to consider the existence of a fixed point of affine isometric actions of a finitely generated group Γ on a Banach space (B, ) in terms THE ENERGY OF EQUIVARIANT MAPS AND A FIXED-POINT PROPERTY of the energy of equivariant maps. Let π be a linear isometric Γ-representation on B, that is, a homomorphism from Γ into the full linear isometry group of (B, ). Denote by B π(Γ) the closed subspace of fixed vectors of π. The Γ-representation π descends to a linear isometric Γ-representation π on the quotient space B/B π(Γ) . Let ρ be an affine isometric Γ-representation on B, that is, ρ is written as ρ(γ)v = ρ 0 (γ)v + o(γ) by a linear isometric Γ-representation ρ 0 on B and a map o from Γ into B. Note that an isometry on a real Banach space is affine; see [3] . The Γ-representation ρ also descends to an affine isometric Γ-representation ρ on B/B ρ 0 (Γ) . Denote by E ρ the energy functional on the space of all ρ -equivariant maps.
Definition ([1]). (i)
We say that Γ has property (F B ) if any affine isometric Γ-representation on B has a fixed point.
(ii) We say that Γ has property (T B ) if, for any nontrivial linear isometric Γ-representation π on B, there exists a positive constant C(π) such that
where S is a finite generating subset of Γ.
In [1] , they pointed out that, according to a theorem by Guichardet, if Γ has property (F B ), then it has property (T B ). In this paper, we introduce a new property defined in terms of the energy of equivariant maps and investigate a relation between property (F B ) and the new one.
Definition. We say that Γ has property (E B ) if there exists a positive constant C(ρ) for any affine isometric Γ-representation ρ on B such that
for all ρ -equivariant maps f .
Theorem 3.
If Γ has property (F B ), then it has property (E B ).
There exists a finitely generated Abelian group which has property (T B ) but does not have property (F B ) for some Banach space B; see [1, Example 2.22] . However, as is well known, a finitely generated group has property (T H ) for all Hilbert spaces H (i.e., has Kazhdan's property (T )) if and only if it has property (F H ) for all Hilbert spaces H. Furthermore, these are also equivalent to having property (E H ) for all Hilbert spaces H. Thus one may expect that there is some relation between property (T B ) and property (E B ) for a Banach space B. But there is a finitely generated group which has property (T B ) but does not have property (E B ) for some Banach space B, and the author does not know whether a finitely generated group which has property (E B ) has property (T B ). However we can show Proposition 4 below, which gives a relation between property (T B ) and a property which is somewhat weaker than property (E B ).
Definition. We say that Γ has property (E B ) if, for any affine isometric Γ-representation ρ on B whose linear part ρ 0 is nontrivial, there exists a positive constant C(ρ) such that
for all ρ -equivariant maps f . From Proposition 4, we can show that there exists a finitely generated Abelian group which has property (E B ) but does not have property (F B ) for some Banach space B.
The paper is organized as follows: We review the definitions and properties of the ultralimit of a sequence of metric spaces in Section 2, the energy of equivariant maps in Section 3, global Busemann nonpositive curvature spaces in Section 4, and the absolute gradient in Section 5. We show Theorem 1 and Theorem 2 in Section 6. In Section 7, we review the definitions of the properties (F B ), (T B ), (E B ) and (E B ) , and show Theorem 3 and Proposition 4.
The author would like to express his gratitude to Professor Hiroyasu Izeki for suggesting this topic and helpful comments.
Ultralimit of metric spaces
In this section, we recall the definition and some properties of the ultralimit of a sequence of metric spaces. Basic references of this section are [2] , [10] , and [6] . The set ω 0 is contained properly in this set. This contradicts that ω 0 is maximal. Hence ω 0 is a nonprincipal ultrafilter.
Let ω be a nonprincipal ultrafilter on N. For any bounded sequence of real numbers a n there exists a unique real number l such that {n : |a n − l| < } ∈ ω for any > 0. Denote l by a ω or ω-lim n a n . If a sequence a n converges to a real number a in the usual sense, then a ω = a. Thus we can regard a ω as a limit of a n in some sense. Moreover, ω-lim is linear, and if a pair of bounded sequences a n , b n satisfies a n ≤ b n for every n, then a ω ≤ b ω holds. 
denote the equivalence class of (p n ), and M ω denote the set of the equivalence 
Energy functionals and harmonic maps
In this section, we define the space of equivariant maps from a finitely generated group into a metric space, the energy functional on the space. A basic reference of this section is [6] .
Let Γ be a finitely generated group, S the finite generating subset of Γ which satisfies S = S 
Definition 3.1. We define an energy functional
The energy functional is continuous on
if and only if f (e) is a fixed point of ρ(Γ).
Let ω be a nonprincipal ultrafilter on N. Let (M n , d n ) be a sequence of metric spaces with base points o n , and ρ n : Γ → Isom(M n , d n ) a sequence of homomorphisms. It is easy to see that the following Lemma 3.2 and Lemma 3.3 hold.
Lemma 3.2. Suppose that, for every
Denote by M n the set of all ρ n -equivariant maps from Γ into M n , and by M ω the set of all ρ ω -equivariant maps from Γ into M ω . Denote by M ∞ the set of all sequences f n ∈ M n such that d n (o n , f n (e)) is bounded independently of n.
Lemma 3.3. Suppose that, for every
Denote by E n the energy functional on M n . [0, ∞) defined by
Lemma 3.4. Suppose that
Proof. By assumption, d n (f n (e), f n (γ)) is bounded independently of n and γ ∈ S.
Hence there exists C > 0 such that d n (f n (e), f n (γ)) < C for every n and γ ∈ S.
where |S| is the number of the elements of S. Since the set at the last line is in ω, we get
Using the triangle inequality and the Hölder inequality, we have
Hence we obtain
Global Busemann nonpositive curvature spaces
In this section, we recall the definition and some properties of global Busemann nonpositive curvature spaces. A global Busemann nonpositive curvature space was introduced by Busemann in [4] . Most of what appears in this section is included in [8] and [13] .
Let (M, d) be a metric space. For a pair of points p, q ∈ M , a shortest geodesic joining p to q is an isometric embedding c of a closed interval [0, l] 
holds for all pairs of shortest geodesics c i : The convexity of the distance function in the following theorem is the most important feature of global Busemann NPC spaces.
Theorem 4.3 (see [8]). Let
From this theorem, any pair of points in a global Busemann NPC space can be joined by precisely one shortest geodesic. Hence global Busemann NPC spaces are simply connected. Furthermore, this theorem implies that the energy functional on a global Busemann NPC space is convex along a shortest geodesic.
The ultralimit of a sequence of geodesic spaces is a geodesic space. But the ultralimit of a sequence of global Busemann NPC spaces may not be a global Busemann NPC space. For example, Banach spaces (R 2 , p ) with 1 < p < ∞ are global Busemann NPC spaces where
Thus, for (u n ), (v n ) and (w n ) ∈ n∈N R 2 with u n ≡ u, v n ≡ v, and w n ≡ w, we have u ω − v ω ω = 1, u ω − w ω ω = 1, and v ω − w ω ω = 2. On the other hand, u ω = (v ω + w ω )/2 holds. Since the line segment from u to w is a shortest geodesic, the line segment from v ω to w ω is also a shortest geodesic. Since u ω −v ω ω + u ω − w ω ω = v ω − w ω ω , the path from v ω through u ω to w ω whose part between v ω and u ω is a line segment and the part between u ω and w ω is also a line segment is another shortest geodesic. Hence in the ultralimit ω-lim n (R 2 , n , 0) the shortest geodesic between two points is not unique. Therefore the ultralimit is not a global Busemann NPC space.
Absolute gradient
In this section, we define the absolute gradient and investigate its properties. Let (M, d M ) be a complete geodesic space, and F : M → [0, ∞) a lower semicontinuous convex function. Here 'convex' means convex along all shortest geodesics. Definition 5.1. We define the absolute gradient
For Hadamard spaces, the following Proposition 5.2 and Proposition 5.3 are proved by Mayer in [11] . The proofs are valid for complete geodesic spaces.
Proposition 5.2. For f ∈ M, we have
|∇ − F |(f ) = max sup g =f,g∈M F (f ) − F (g) d M (f, g) , 0 .
Proposition 5.3. Suppose |∇ − F | is bounded. Then we have the following: (i) |∇ − F | is lower semicontinuous. (ii) A point f minimizes F if and only if |∇ − F |(f ) = 0 holds.
Note that, as we saw in the proof of Lemma 3.4, the energy functional E satisfies
This implies
for all f ∈ M. In particular, the absolute gradient |∇ − E| is bounded. In [11] , Mayer constructed a gradient flow of a lower semicontinuous convex function F on a Hadamard space. Although, on global Busemann NPC spaces, it seems that it is difficult to construct such a gradient flow by Mayer's method, we can prove the following:
holds for all f ∈ M by Proposition 5.2. In particular, F (f ) > 0 for all f ∈ M. Take f 0 ∈ M and 0 < < 1 arbitrarily and set
By the definition of C, A 0 is not empty.
If inf g∈A 0 F (g) = 0, take f 1 ∈ A 0 such that F (f 1 ) ≤ (1 + ) inf g∈A 0 F (g) and set g ) .
By the definition of C, A 1 is not empty. Since f 1 ∈ A 0 , for any g ∈ A 1 , we have
Hence g ∈ A 0 holds, that is, A 1 ⊂ A 0 . Thus inf g∈A 1 F (g) = 0 holds. Inductively, for each i ∈ N, we can take
, and set
Then we have A i ⊂ A i−1 for each i ∈ N and inf g∈A i F (g) = 0. Thus for g ∈ A i we have
is either an empty set or a one-point set {f ∞ }.
On the other hand, the function 1/d M (f i , g) is continuous on the open set M\{f i }, and −F (g) is upper semicontinuous on M. Thus
is open for any r > 0. This implies that 
, and set g ) .
By the definition of C, A 1 is not empty and is a subset of A 0 . If inf g∈A 1 F (g) = 0, then we can deduce a contradiction as in the case of inf g∈A 0 F (g) = 0. Otherwise we take f 2 ∈ A 1 such that F (f 2 ) ≤ F (f 1 ), and set
Inductively, for each i ∈ N, if inf g∈A i−1 F (g) = 0, then we can deduce a contradiction as in the case of inf g∈A 0 F (g) = 0. Otherwise we take
Then we have
Hence f i converges to some f ∞ ∈ M and
Therefore we can deduce a contradiction as in the case of f ∞ . In this section, we prove Theorem 1 and Theorem 2. Let Γ be a finitely generated group, S a finite generating subset, and m a weight as in Section 3. Let ω be a nonprincipal ultrafilter, (N n , d n ) a sequence of global Busemann NPC spaces, and ρ n : Γ → Isom (N n , d n ) a sequence of homomorphisms.
Proposition 6.1.
Denote by E n the energy functional on the set of all ρ n -equivariant maps from Γ into N n . Take a ρ n -equivariant map f n arbitrarily for each n, and set f n (e) as a base point of (N n , d n ) . Suppose that E n (f n ) is bounded independently of n and that |∇ − E n |(f n ) → 0 as n → ∞. Then there exists a limit map ω-lim n f n , which is a harmonic ρ ω -equivariant map.
Proof. Since E n (f n ) is uniformly bounded independently of n, there exists C > 0 such that d n (f n (e), f n (γ)) < C independently of n and γ ∈ S. Hence we can define the ultralimit ρ ω of ρ n and ρ ω -equivariant map f ω (γ) = ω-lim n f n (γ) by Lemma 3.2 and Lemma 3.3. We show that this limit map f ω is harmonic. Take g ∈ M ω arbitrarily, and let (g n ) ∈ M ∞ be a representative of g.
is uniformly bounded by some constantĈ independent of n. By Proposition 5.2, we have
By the assumption that
as n → ∞. By Lemma 3.4, we have
Using this proposition, we deduce the following two main theorems. 
for every n, then, for any nonprincipal ultrafilter ω on N, there exists a fixed point of
Proof. Set (N n , d n ) := (N, d), and denote by E n (= E) the energy functional for ρ-equivariant maps from Γ into N n . By assumption, we have
is uniformly bounded independent of n. By Proposition 6.1, for any nonprincipal ultrafilter ω, there exists a ρ ω -equivariant harmonic map Proof. The proof is by contradiction. Assume that the assertion is false. Then, for each n, there exist (
In particular, E N n ,ρ n (f n ) > 0 holds for every n. Because of the assumption, there exists a ρ n -equivariant map g n : Γ → N n for each n which satisfies
On the other hand, we have E N ω ,ρ ω (f ω ) = 1. This contradicts our assumption.
We give some examples of a family of global Busemann NPC spaces which is stable under ultralimit. 
see [3] . 
Hence we obtain n ∈ N :
holds for all 0 ≤ t ≤ 1. The metric space satisfying this inequality was introduced by Ohta in [12] . This inequality induces the inequality in the definition of L k ; see [12] . The family L k is also stable under ultralimit. The proof is the same as that for L k .
The fixed-point property for Banach spaces
In this section, we review the definitions of the properties (F B ), (T B ), (E B ) and (E B ) , and show Theorem 3 and Proposition 4.
Let Γ be a finitely generated group, S a finite generating subset, and m a weight as in (ii) We say that Γ has property (T B ) if, for any nontrivial linear isometric Γ-representation ρ 0 , there exists a positive constant C(ρ 0 ) such that
We say that Γ has property (E B ) if there exists a positive constant C(ρ) for any affine isometric Γ-representation ρ such that
Then we have the following theorem.
Theorem 3. If Γ has property (F B ), then it has property (E B ).
Proof. Take an arbitrary affine isometric Γ-representation ρ : Γ → Isom(B). Since Γ has property (F B ), there exists a fixed point v 0 ∈ B of ρ(Γ). We can regard a fixed point [v 0 ] of ρ (Γ) as the origin of B . We recall that if Γ has property (F B ), then it has property (T B ). Hence we have a positive constant
where Id is the identity map on B . Then
If f (e) = 0, then we have
Using the Hölder inequality, we have
min γ∈S m(γ) .
Therefore we obtain
In order to state Proposition 4, we define a uniformly convex, uniformly smooth Banach space, which has good properties for investigating the absolute gradient. In the case of V (f ) = 0, we have
for every γ ∈ S. Because κ∈S m(κ) = 1, we have
for every γ ∈ S. Since Γ is Abelian, we have
Hence we get
for every γ ∈ S. By property (T B ), for γ ∈ S satisfying T (γ)f (e) = 0, there exists κ γ ∈ S such that
Since B is uniformly convex, we have Since E ρ is continuous, we have |∇ − E ρ |(f ) 2 ≥ C(ρ)E ρ (f ). In the case of V (f ) = 0 and O = 0, we suppose f (e) = 0. By property (T B ), there exists γ 1 ∈ S such that ρ 0 (γ 1 )f (e) − f (e) ≥ C(ρ 0 ) f (e) . Since B is uniformly convex, we have Note that the assumption that Γ is Abelian is only used in the case of V (f ) = 0. Hence, if there exists a positive constant C satisfying |∇ − E ρ |(f ) 2 ≥ CE ρ (f ) for all f ∈ M with V (f ) = 0, we can show Proposition 4 without the assumption.
